Journal Homepage: www.ijrpr.com ISSN: 3049-0103 (Online)

International Journal of Advance Research Publication and

® Reviews
()

SN LARPRON Vol 02, Issue 07, pp 447-459, July 2025

A Bayesian Approach to Estimating Parameters of the Log-
Normal Survival Distribution Under Censored Circumstances
with Applications

Ogar Obol Tom**; Etowa Fidelis Vincent?; Dr. Emem Okon Peter?

!Department of Statistics and Research, College of Nursing Sciences, Calabar, Cross River State, Nigeria
2Department of Medical Microbiology, College of Nursing Sciences, Calabar, Cross River State, Nigeria
3Department of Plant Science and Biotechnology, College of Nursing Sciences, Calabar, Cross River State, Nigeria
*ogardbishop@gmail.com

ABSTRACT

We gave and implemented a Bayesian estimation procedure for the log-normal survival distribution without covariates, under censored
circumstance. This survival distribution in question is one among many available for solving problems in the statistical field of survival
analysis, and may be considered under uncensored or censored circumstances (with or without covariates). Perusal and scrutiny of a host
of contemporary literature unraveled the presence of only a few studies which suggested the need for adopting the Bayesian alternative
procedure, whilst considering the peculiar cases of a log-normal survival distribution; hence, exposing the gap warranting this study. To
this end, we adopted the Bayesian estimation procedure for estimating the parameters of the log-normal survival distribution, and
consequently deduced the mean and variance of the survival time. Our results showed that one could obtain the parameter estimates of
wand o, via maximum likelihood estimation, as well as Bayesian estimation procedures under censored circumstance. Our results, more
so, confirmed that 4 and o existed for both the MLE and Bayesian procedures under censored circumstance, particularly at (u, v) =
(0, 1) being a standard normal instance of our prior used for the simulation done in the study. However, our results confirmed the non-
existence of p; and o for both the MLE and Bayesian procedures under censored circumstances.

Keywords: Log-normal Survival Distribution, Censored Circumstance, Bayesian Estimation, Normal Informative Prior.

1. INTRODUCTION

1.1 Background of the study

Survival analysis, as a branch of statistics, is one that estimates the expected duration of time until one, or more, occurrences
(like: the death in biological organisms, or the failure in mechanical systems) take place [2; 6; 8]. This tool called “survival
analysis” has now been applied, in contemporary times, to studies in various fields such as: clinical sciences, engineering,
and industry, implying that its applications in most real-life scenarios is unquestionable [1; 5; 9].

Although engineers aim to estimate the time which is available until a machine fails, in the field of engineering, clinical
scientists are often concerned with estimating the time available until ailments reoccur, or until an accident victims dies
from injuries, or until an individual succumbs to a terminal illness, etc. [4; 5; 7] Sadly, in making such estimations, these
non-survival analysts may depend on previous ideas absent the knowledge of survival analysis [9; 10], whereas in such an
instance, survival analysis should have been a preferred technique for making non-intuitive estimations, with high precision
[5; 11; 16].

During the early years of the 20" century, survival analysts developed survival distributions in survival analysis studies.
These distributions are themselves statistical distributions that were only specifically redesigned to cater for the needs of
survival analysis. These needs majorly comprise obtaining the survivorship functions and hazard functions [10; 12; 16].
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However, since developing survival analysis in the early years of the 20" century, about six statistical distributions, namely:
the exponential, Weibull, log-normal, gamma, generalized gamma, and log-logistic distributions, have been redesigned for
use in survival analysis studies, with what is known as the “exponential survival distribution” being the most popular
amongst the lot [3; 6]. Notwithstanding, the log-normal survival distribution has also been extensively utilized owing to its
efficiency and reliability in modelling times to failure [3; 7; 13].

Log-normal survival distributions are a type of survival distributions that are redesigned from the log-normal statistical
distribution as it were, but having minor interpretational variations [3; 12; 14]. In comparison with the log-normal statistical
distribution, the log-normal survival distribution can be utilized to deduce the hazard and survivorship functions. Overtime,
for all survival distributions, as well as the log-normal survival distribution in particular, all parameters have been estimated
through the maximum likelihood estimation (MLE) procedure; no doubt, this has produced formidable results [4; 10; 13].
Regardless, in this article, we have attempted the adoption of a Bayesian estimation alternative, as tendencies are that this
could produce stronger theoretical and applied results.

1.2 Statement of the problem

The method of maximum likelihood estimation — MLE is often used for estimating the parameters of survival distributions,
in survival analysis. Until the recent adoption of the Bayesian technique in survival analysis studies, MLE had remained
the only estimation approach. Regardless, from sufficient review of available literature on survival distributions, a majority
of researchers who have investigated this matter have approached it usually disregarding the nature and sensitivity of the
survival distributions whose parameters they intend to estimate. For instance, concerns about how the parameters of the
distributions should be estimated under censored circumstances seem not be considered at all. [15] was one (among several)
attempts to surmount this pitfall, using a reference Bayesian approach for the estimating the parameters of the generalized
log-normal distribution in the presence of survival data. Notwithstanding, their study did not consider the cases of censored
observations. Addressing the gap using the log-normal survival distribution with an informative prior is, thus, the interest
of this study.

1.3 Aim and objectives of the study
This study adopted a Bayesian approach to estimating parameters of the log-normal survival distribution without covariates
(under censored circumstance) with applications. In order to achieve the stated aim, the objectives of the study were to: (i)

review the MLE procedure for estimating the parameters of the log-normal survival distribution, (ii) formulate the Bayesian
estimation alternative to the MLE procedure, and (iii) establish any necessary theorem and axiom based on findings.

2. MATERIALS AND METHODS

2.1 General maximum likelihood estimation procedure
2.1.1 Estimation procedures for data with right-censored observations

Suppose that n persons were followed to their deaths or censored in a study. Let t,ty, ..., ty, ti 1, th,, ..., tF be the
survival times observed from the n individuals, with r exact times and (n — r) right-censored times. Assume that the
survival times follow a distribution with the density function f(¢t,b) and survivorship function S(t,b), where b =
(bl, ...,b,,) denotes unknown p parameters by, ..., by, in the distribution. If the survival time is discrete (i.e., it is observed
at discrete time only), f(t, b) represents the probability of observing t and S(t, b) represents the probability that the
survival or event time is greater than t. In other words, f(t, b) and S(t, b) represent the information that can be obtained
respectively from an observed uncensored survival time and observed right-censored survival time. Thus, the product

™ f(t;, b) represents the joint probability of observing the uncensored survival times, and [T, S(t;}, b) represents
the joint probability of those right-censored survival times. The product of these two probabilities, denoted by L(b),

L(b) = ﬁf(ti, b) ]_[ S(t b)

i=r+1

represents the joint probability of observing t,t,, ..., t,, t/1, t0, -, & . A similar interpretation applies to continuous
survival L(b) is called the likelihood function of b, which can also be interpreted as a measure of the likelihood of observing
a specific set of survival times t;, t,, ..., t, t;' 1, t50, .., t;F, given a specific set of parameters b. The method of the MLE
is to find an estimator of b that maximizes L(b), or in other words, which is “most likely” to have produced the observed
data ty, ty, ..., by, Gty Eegs oo, tiF . Take the logarithm of L(b) and denote it by I(b),
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U(b) = log L (b) = ) loglf(tu )] + ) logIS(c{,b)] )
i=1

i=r+1

Then the MLE b is a b is the set of by, b, ..., b, that maximizes I(b):
I(b) = rggbx(l(b))

It is clear that b is a solution of the following simultaneous equations, which are obtained by taking the derivative of I(b)
with respect to each b;:

oub) _

ab;

j=12..,p ()

To obtain the MLE b, one can use a numerical method. A commonly used numerical method is the Newton-Raphson
iterative procedure, which can be summarized as follows.
i Let the initial values b, ..., by, be zero; that is, let

b©® =0
ii. The changes for b at each subsequent step, denoted by AY | is obtained by taking the second derivative of
the log-likelihood function:

. -1 .

A0 = [ a21(bU=D)] " al(bU-V)
obob’ db

iii. Using AY, the value of bY at j* step is

3

bD) =pU-D 4+ AD =123 ..

The iteration terminates at, say, the m‘" step if ||A(m) || < &, where § is a given precision, usually a very small value, 10~*
or 10~°. Then the MLE b is defined as

b=bpm1 4)
The estimated covariance matrix of the MLE b is given by

a21(B)]”"
9bob’

vir(B) = ciw(B) = [— )

One of the good properties of a MLE is that if b is the MLE of b, then g(B) is the MLE of g(b) if g(b) is a finite function
and need not be one-to-one.
The estimated 100(1 — a)% confidence interval for any parameter b; is

(Bi — Zgy2r/viib; + Zy)24 ;) (6)

where v;; is the i*" diagonal element of 17(5) and Z,, is the 100(1 — a/2) percentile point of the standard normal
distribution [P(Z > Z,,/,) = a/2]. For afinite function g(b;) of b;, the estimated 100(1 — a)% confidence interval for
g(b;) is its respective range R on the confidence interval in equation (6), that is,

R = {g(bl) bi € (Bl - Za/z vii/Bi + Za/z\/v_u)} (7)

In case g(b;) is monotone in b;, the estimated 100(1 — a)% confidence interval for g(b;) is
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R={g(b;— Zy/2/vii), 9(bi + Zo/2Jvii)} )
2.1.2 Estimation procedures for data with right-, left-, and interval-censored observations

If the survival times t;,¢,, ..., t, observed for the n persons consist of uncensored left-, right-, and interval-censored
observations, the estimation procedures are similar. Assume that the survival times follow a distribution with the density
function f(t, b) and the survivorship function S(t, b), where b denotes all unknown parameters of the distribution. Then
the log-likelihood function is

1(B) = log L(B) = ) loglf (tu )] + ) log[S(ts b))

9)
+ z log[1 — S(t;, b)] + Z log[S(v;, b) — S(t;, b)]

where the first sum is over the uncensored observations, the second sum over the right-censored observations, the third
sum over the left-censored observations, and the last sum over the interval-censored observations, with v; as the lower end
of a censoring interval. The other steps for obtaining the MLE b of b are similar to the steps shown in section (2.1.1) by
substituting the log-likelihood function defined in equation (1) with the log-likelihood function in equation (9).

2.2 Log-normal distribution
If the survival time T follows the log-normal distribution with density function given by equation (10), then the mean and

the variance are respectively exp (M + éaz) and [exp(a?) — 1]exp(2u + a2).

f@®) =

L ey [—i(logt - 0] (10)
toV2m 202

Estimation of the two parameters u and o2 has been investigated either by using equation (10) directly or by using the fact
that Y = log T follows the normal distribution with mean p and variance o2.

2.2.1 Estimation of u and o2 for data without censored observations
Estimations of y and o2 for complete samples by maximum likelihood methods have been studied by many authors. But

the simplest way to obtain estimates of 1 and o2 with optimum properties is by considering the distribution of Y = logT.
Let ty, ty, t3, ..., t,, be the survival times of n subsets. The MLE of u is the sample mean of Y given by:

n
1
== logt; 11)
i=1
The MLE of ¢2 is
1< (L, logt;)?
62 = E[Z(logti)z M (12)
i=1

The estimate ji is also unbiased but 62 is not. The best unbiased estimates of x and o2 are /i and the sample variance s? =
62[n/(n — 1)]. If n is moderately large, the difference between s and 62 is negligible.

One of the properties of the MLE is that if  is the MLE of 6, g(8) is the MLE of g(8) if g(6) is a finite function.
Therefore, the MLEs of the mean and variance of T are, respectively, exp (ﬁ + %6—2) and [exp(6?) — 1]lexp (24 + 62).

It is known that 4 = $ is normally distributed with mean p and variance o2 /n. Hence, if ¢ is known, a 100(1 — a)%
confidence interval for u is g+ Z, ), o/vn. If ¢ is unknown, we can use Student’s t-distribution. A 100(1 — @)%
confidence interval for p is fi £ty 5 (n-1)S/Vn — 1, Where t,/, (,—1) is the 100a /2 percentage point of Student’s t-
distribution with n — 1 degrees of freedom.
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Confidence intervals for 2 can be obtained by using the fact that né /a2 has a chi-square distribution with n — 1 degrees
of freedom. A 100(1 — a)% confidence interval for o2 is

ng? 5 ng?
<0< —5—— (13)
X(n-1),a/2 Xn-1)1-a/2

2.2.2 Estimation of u and o2 for data with censored observations

We first consider samples with singly censored observations. The data consist of r exact survival times t(;y < tp) < - <
t) and n — r right-censored survival times that are at least () denoted by t(;. Furthermore, we use the fact that Y =

logT has normal distribution with mean u and variance 2. Estimates of u and o2 can be obtained from the transformed
data y; = logt;. Many authors have investigated the estimation of x and 2.

The best linear estimates of u and o2 proposed by Saharan and Greeberg are linear combinations of the logarithms of the
r exact survival times:

a= Z a;logt (14)
i=1
T
5= Z bilogte (15)
i=1

where the coefficients a; and b; are calculated and tabulated by Saharan and Greeberg for n < 20.

MLEs for the log-normal distribution can be used for n > 20. Let

-
1
y = ;Z lOgt(i) (16)
i=1
and
1 2 (Zlogty )2
s2== [Z(logt(i)) B had OV a7
T r
Then the MLEs of u and o2 are
a=y-Ay - logty) (18)
and
62 =s*+A(y - logt(r))2 (19)

where the value of A has been tabulated by Cohen in 1961 as a function of a and b. The proportion of censored observations,
b, is calculated as

n-—r
b=
n
and
1-Y({ —c¢)
a=—"Q"
Y —c)?

where Y = [b/(1 — b)If(c)/F(c), f(c) and F(c) being the density and distribution functions, respectively, of the
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standard normal distribution, evaluated at:
c= (logt(r) - u)/o’
2.3 The Bayesian estimation procedure
Let x,, x5, X3, ..., X, be a random sample from the density f(x; 8). Before taking the sample, the distribution of 8, g(8) is
assumed known. Hence, g(8) is called a prior distribution. The task is to know the distribution f(8|x), after taking the

sample. Hence, f(6|x) is called a posterior distribution.

Let us consider the conditional distribution

_f(x;0)
F&o) ==
= f(x;0) = f(x]6)g(6) (20)
_f(x;0)
= f(61) =575 21)
Substituting for equation (20) in equation (21) gives,
_ f(x16)g(6)
= f0lx) = TThoo (22)
But [, f(8lx)d6 =1
Therefore,
([ f&l®)g®)
Lf(GIX) a0 = [ T8 a0 -1
1= 1 0)g(6) do
> —@Lf(xl )9(6)
= h() = [ £Cx10)g() do (23)

Putting equation (23) into equation (22) gives

S f(6l) = ﬁg:ﬁ% (24)
Since we are taking a random sample of this distribution
F16) = L(x10) = ﬁf(er)
Hence, equation (24) becomes:
= F(Ol) = —1D9O) (25)

[, L(x16)g(6)do
The above equation (25) gives f(6]x) as the posterior Bayes distribution with respect to the prior distribution g(0).

Hence,
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E[(0)] = f 2(0)£(61x)do 26)
0

is called the posterior Bayes estimator with respect to the prior distribution g(68); where 7(8) is any function of 6.
2.4 Proposed procedure of the study

The proposed Bayesian alternative will be implemented with the procedure below.

Step 1: Determine an appropriate prior ().

The appropriate prior for the log-normal distribution is a normal distribution of u with mean u and v2. That is,

1
n(u) = ——exp |-z @ —u)?
(w T P|=5,2 (r—uw

Step 2:Obtain the Bayesian estimates of 2 and o2 for data with censored observations.

Step 2(a): Deduce the mean remission time in this instance.
Step 2(b): Deduce the variance of the remission time in this instance.

3. RESULTS

3.1 Theorem 1 (censored case of log-normal survival distribution)

Suppose that a random sample of size n is drawn from a log-normal distribution with unknown mean y and known variance
a?. Also, suppose that the prior distribution of u is also log-normal with mean u and variance v2. Then the posterior

distribution of u is also log-normal, with mean and variance given by:

. uo? +v2 ¥, logt; + v2 Y, . logt| 2 o?v?
K 02 + nv? ’ 02 + nv?
Proof 1.
flp)m(p)
m(ult) =

7 fwrwdu

m(ult) o f(t|wm(u)

The likelihood function is given by:

n n
1 1 2 1 1 F_,\?
- —5—=(logti—p) ——(logt; -u)
(t ) = { e 202 } { e 202 i }
[ Lrew=] I\ || Grovzm

T
i=1 i=r+1
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2
_ 1 ooz Zinallogtiw? 1 o z2 i raa(logti k)
I tio7(2m): [T, 6} v 7 (2m) 7
1 1

1 or 2 1 wn + 2
- o 202 Li=1(0gti=1)? =25 Vi yyq (logti —1)
n-r

-
tiom@u)z[L,  tf o T 2r) 2

1

1 1 + 2
_ o 202 Lim1(0gti= ) 5 By (logti —1)
n—r

[HLl ti 07(271)3] [HZL,+1 tt 0’"‘T(27T)T]

2
_ 1 _ g 272t Uogtimm? 45y (109t 1)’

i=1 i [lie g £ 0 2m)2

The prior distribution of u is given by:

1
(W) = exp |—=— (u — u)?
(w T p sz(u )

The posterior distribution is:

[ 1 r n 2]
m(u|t) « exp —T‘Z[Z(logti -+ Z (logt; — ‘U)Zl — u
- i=1 ]

2v2
i=r+1

m(u|t) o exp

o2

1 [Zleaogti — 10 + iy logt] =1 (4 u)z]'
2 v2

o exp [_ 1[ i=1(logt)® — 2u ¥, logt; + rp® + XiLr 41 (logti)? — 2u ¥,y logt! + (n —r)u?
2

o2

2 _2uu + u?
]
v

 exp l_} [vz ioi(logt)? — 2uv® B, logt; + p?v? + v2 B 1 (logt)? — 2uv? By logt! + p?o? — 2puc® + uzaz”
2 o2v?

Dropping all terms that do not involve u gives:

m(ult) exp[

1[p*0? + nu?v? — 2uv® 3L logt; — 2uv® BT, logt] — 2pua?®
2 o2v?
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o2p?

1[u?(0? + nv?) — 2u(w? X, logt; + v2 ¥, logt + uo?)
m(u|t) < exp -5

Dividing the numerator and denominator by a2 + nv? gives:

[ w2 = 2u (u62+v2 T logti+v? Z?=r+1l"§ti+) ]
|_1 ag?+nv? |
nult) o exp |~
o2+nv?

Completing the square in u gives:

2
[ 2 _ 2 us?+v? Z‘{Lllogtﬁvz Z?=r+1logtlf" + uc?+v? Z?=1logti+v2 Z?=T+llogt?' ]
| 114 H g2 +nv? o2+nv? |
xXexpl—= 292
| 2 oy I
l o2 +nv? J

g2+nv?
o2p2

N| =

2
_ uo?+v? Z?=llogti+v2 Z?=r+1logti+ ]
4 |

o2 +nv? J

[
This implies that p is normally distributed with:

uo? + v? 3L logt; + v? YL, logt] o?v?
o2 + nv? ’

= Tt
Therefore, the following axiom is established:

Axiom 1:

(a) The mean remission time (that is, the mean of T) is given as:

uc? +v2 YL, logt; + v YL, ., logti 1< a?v? )]

= ex + —
Hr p[ 0% +nv? 2\0? + nv?

(b) The variance of the remission time (that is, the variance of T) is given as:

., a?v? . ) uo? +v2 YL, logt; + v ¥, . logtf o?v?
o =P\ g2y np2) 7| HP 02 + nv? * 02 + nv?
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3.2 Simulation
3.2.1 Log-normal distribution with censored observations via MLE
Suppose that in a study of the efficacy of a new drug, 12 mice with tumors are given the drug. The experimenter decides
to terminate the study after 9 mice have died. The survival times are in weeks, 5, 8, 9, 10, 12, 15, 20, 21, 25, 25+, 25+, and
25+, as shown in Table 1. Assume that the times to death of these mice follow the log-normal distribution. In this case
n=12, r =9, and n —r = 3. Using equations (14) and (15) (where the coefficients a; and b; are as calculated and
tabulated by Saharan and Greenberg for n < 20), 1 and & can be calculated as:
fi = 0.036log5 + 0.0581l0g8 + 0.0682l0g9 + 0.075910g10 + 0.0827log12 + 0.0888log15 + 0.0948l0g20 + 0.1006l0g21 + 0.3950l0g25
= 4 =2811
& = —0.2545log5 — 0.14871l0og8 — 0.1007log9 — 0.0633log10 — 0.0308log12 — 0.0007log15 + 0.0286l0g20 + 0.0582log21 + 0.5119l0g25
= 6 =0.747
TABLE 1

Survival Times (In Weeks) of 12 Mice Test Drug Subjects

t; logt; logt}

5 0.6970

8 0.9031

9 0.9542

10 1.0000

12 1.0792

15 1.1761

20 1.3010

21 1.3222

25 1.3979

25+ 1.3979
25+ 1.3979
25+ 1.3979
Total 9.8307 4.1937
Mean 1.1687

Variance 0.6269
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3.2.2 Log-normal distribution with censored observations via Bayesian Estimation
Using the same case study in 3.2.2 we compute the /i and 62, at say u = 0 and v = 1. Thus, we have that:

uo? + v2 ¥, logt; + v* I, ., logty  (0)(0.6269) + (1)(9.8307) + (1)(4.1937)

Q= e (0.6269) + (5)(1)

= [ =24924

,  (0.6269)(1)
~(0.6269) + (5)(1)

7 =(0.1114

3.2.3 Discussion of results

Table 4 summarizes the simulation of the results. But the results of this study are summarized in Table 2 and Table 3. Table
2 showed the established result from the stated theorem, in which case the parameter estimates of u and o, using the
maximum likelihood estimation and Bayesian estimation procedures under uncensored circumstance was obtained. But
Table 3 showed the established results from deduced axioms in which case the values of u; and o, using the maximum

likelihood estimation and Bayesian estimation procedures under censored circumstance is obtained.

Our study confirms the existence of u and o for both the MLE and Bayesian procedures under a censored circumstance,
particularly at the specific choice of (u,v) = (0, 1), a standard normal instance of our prior used for the simulation in the
study. Moreso, our results confirm the non-existence of ur and o2 for both the MLE and Bayesian procedures under

censored circumstances.

TABLE 2

Established Results from Stated Theorems

Case Jii 62
Censored Maximum Likelihood Estimate
T T
z a;logt; z bilogt
i=1 i=1
Bayesian Estimate
uo? +v2 YL, logt; + v ¥, logt] o?v?
02 + nv? 02+ nv?
TABLE 3
Established Results from Deduced Axioms
Case Ur a?
Censored Maximum Likelihood Estimate
Nil Nil

Bayesian Estimate

Nil Nil
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TABLE 4
Simulation Results
Case il 6?2
Uncensored Maximum Likelihood Estimate
2.811 0.747

Bayesian Estimate

2.4924 0.1114

4. CONCLUSION

To conclude, our study proposed and implemented a Bayesian alternative estimation procedure on the log-normal survival
distribution (without covariates, under censored circumstance) with which parameters, ¢ and ¢ were estimated under. For
both of the estimated parameters, two axioms were deduced about the mean and variance of the survival time. Our results
showed that one could obtain the parameter estimates of u and o, via maximum likelihood estimation as well as Bayesian
estimation procedures under censored circumstance; it also confirmed that parameters of the log-normal distribution existed
whether through the MLE or Bayesian procedure, under censored circumstance, especially for the case of a standard normal
prior. Regardless, our study also confirmed that p and o2 did not exist for both the MLE and Bayesian procedures under
censored circumstance.
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