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ABSTRACT

In 1892, in search for special algebras, Corrado Segre published a paper in which he introduced an infinite family of algebras whose
elements are called bicomplex numbers, tricomplex numbers... , n — complex numbers. In that paper Segre introduced idempotent
elements of bicomplex numbers. Idempotent elements play a central role in the theory of bicomplex numbers. This paper introduces the
algebraic structure of Tricomplex Numbers exploring some of their fundamental properties. We have identified and characterized sixteen
distinct idempotent elements of Tricomplex Numbers. We also discuss their properties and establish the relationships among them.
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1. Introduction

The set of bicomplex numbers is defined as (For detail cf. [1], [2], [3],[4], [5].):
C(iy, ip) = {x1 + i1x5 + izx3 + i1i3X4: X1, Xg, X3, X4 € Cp}

where iy # i,,i? = i2 = —1and, iyi, = i5i;.

We shall use the notation C, for the set of real numbers and C(i,), C(i,) for the following sets:
Cl) ={x+iy:x,y € Cy}
C(iy) ={x+iy:x,y € Cy}

Analogously, we also define C(iy, i3) and C(i,, i3).

1.1 Idempotent elements in C(iy, i5)

Besides 0 and 1, there are exactly two non-trivial idempotent elements exist in C(i4, i,), denoted as e, and ef and defined

Lo b
ase; = —2and e/ =—2 Notethate, + e/ = 1and e;ef = efe; = 0.

1.2 Idempotent elements in C(iy, i3)

Besides 0 and 1, there are exactly two non-trivial idempotent elements exist in C(i,, i3), denoted as e, and e; and defined
ase, = 1+;—“3and el = 1_;—“3 Note that e, + eJ = 1 and e,el = ele, = 0.
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1.3 Idempotent elements in C(i,, i3)

Besides 0 and 1, there are exactly two non-trivial idempotent elements exist in C(i,, i), denoted as e; and e;f and defined
ase; = 1+;—213 and el = 1_;—213 Note that e; + e] = 1 and e;el = esel = 0.
1.4 1dempotent Representation of the elements of C(i4, i3)

The bicomplex numbers can be represented in two different idempotent forms w.r.t. the elements from C(i;) and C(i,),
explained as follows :

(a) The C(i,)- idempotent representation of Bicomplex Numbers is given by
E=xy +ixy +iyxg +iglpx, = (6 +i1x) +i(x3 +i1xy)
=2y + 02, = (21 —1Z5)e; + (21 + ilzz)ef = 15314‘25@;'
where, 1§ =z, — i1z, = (%, + x4) + i, (%, — x3),
28 =z + iz = (X — x4) + iy (X +x3) € C(iy)

(b) The C(i,)—idempotent representation of Bicomplex Numbers is given by
E=xy +ixy +iyxg +igiyx, = (1 +iyx3) +i3(x +i5x,)
=wy +Lwy = (Wy — pwy)e; + (wy + ipwy)ef = &re; + &ef,

where, & = wy — iaw, = (X1 + x,) — (%, — X3),

$r =wy +iw, = (X — xy) + i (x; + x3) € C(1z)

1.5 Singular Elements in C(i4, i5):

Let &,n € C(iq, i) such that én = né = 1, then 1 is said to be a multiplicative inverse of &. The invertible elements are
also called non-singular elements. The set of all singular elements in C(iy, i,) is denoted as @(i,, i) and C(iy, i, )\O(iy, iy)
is the set of all non-singular elements in C(iy, iy).

2. The Set of Tricomplex Numbers

The set of Tricomplex Numbers is defined as:
C3 = C(iy, iy, i3)
={xy + i1x, +ipxg +igxy + igipXs + iyisxe + ixi3Xy + i1iyi3Xg: Xq, X, X3, X4, X5, X6, X7, Xg € Co}

Where i; # i, # is; i2 = i3 = i2 = —1, and ijiy = iyiy,i1i3 = izl ipiz = i3i,.

2.1 Idempotent Elements in C(iy, iy, i) :
Let { =&+ ign € C(iy, iy, i3); &, m € C(iy, i,) be an idempotent element
==

2> E+in?=¢&+ism
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=& —n? +i328n =& +isn
=§—n*=¢ and 2én =7

Now for n € C(iy, i,), eithern & O(iy,i,) orn € O(y, i)
Case (i) n € O(iy, i)

From equation (i)

§2—n®=¢ and 2fn =7

Let2én =1

=28=1 (v n&0(3,i))

1 1
= ('m)?er+ (n)ef = —Je - 7ef

1 1
= (n)? = —5 and Cm? = ~2

i i I
>n==——and n==,—=
=277 2’72
1 2 T
>n="mne+ne
L U b Lz
ﬁn:_l__l_l__
-1 —h _h bk _ &
So,wegetf—zandn—z, 5T
Now,
{=¢+1i3m
1+i1i3 _l. 1_1:1’:3 1+lzl3 1. 1_':21:3
= = e, = , 6, = ,63 = , 60 = ———
(=e 2 2 2 3 2 3 2

Case (ii) n € O(iy, iy)
Thenn = 0or ae; orﬂef;a # 0,8 +0€C(iy)

@n=0
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From equation (i)
§2-n*=¢ and 28n =1
>§2=¢
=>¢&=01,e,e

Now, ¢ = 0,1, el,ef andn =0
(=<5 +1iam

={=0,1, el,e;r

(b)n =ae;;a#0

From (i)

§2—n*=¢ and 2fn =7
25n =n

= 2¢ae; = ae;

= 2%ae; = ae,

= 2%%e, =¢

=2 =1

N| =

E 1f =
Now, from

§2-m*=¢

= (19)%e;, + (3)2%e] — a’e, = 1 e, + 2Ee]

1 1
=ge+ (GOl —atey=Z e+ ef

1 1
> (- )ert el =5 e+ %]

1 1
:Z—a2=§and(2§)2=zf
it 1 2

= — - — = 1
>a > Zandf 0,
il il 2

= — - — = 1
>a > Zandf 0,

1 1
§=1e;+%ef =—e,-e +efandn = ae, =

i
Lo, —2

2

i
2

€1
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Now,
(=¢+1i3m

1 i 1+ i
$€=—€1+i3—161=< 213

2 2 )61 = e1€,,

1 . il 1_i1i3 1_
(2591_13§€1=< 5 )el=elez,

1 i 1+ i
T PO P Y P S

(= <%91 +e;r)_i3%1 €1 =€f+<1_i1i3>el = ef+e;el =1-ee,
Hence,

{=eeyeel,1—eel,1—epe,

©)n=pel;p+#0

From (i)

§2—n*=¢ and 2én =17

28m =1

= 2¢Be] = pef

= 2%¢Bel = pel

= 2%el =ef
2% =1
1
=28 =—
§ 2
Now, from
§2-n*=¢

= (18)%e;, + (%)%e] — pPef = e, +2E ef

1 1
= (%)’ +Z€1T — el =1 e, +§e;r

1 1
= ()%, + (3 - 87)el =G e+ 5e]

1£N\2 1 1 2 1
> (1§ ="¢ and s~ > =

i
=1 =0,1 andﬂ=%,—%

=1 28 ot =11 1,1t _p bt i 4
§=Ne+%el =_el,e;tejandn=Pef =T ef,— e
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1 i
_ T S P
(=gl tig el =5

1 i 1+
(= (el +gel)viag el mert (F57 el = esvefes = 1-ele],
1 i 1—1igi
(=<el+ief)—i3%ef=el+< 213)ef=e1+efe;=1—efe2

Hence,

Z=efez,efe;,1—efe;,l—efe2

We get total 16 idempotent elements which are
0,1, ¢4, ef, ey, e;, es, e;, e.€y, ele;, 1-— ele;, 1—-ee,, efez, efe;r, 1- e;re;, 1-— efe2

2.2 Different Idempotent Representation of Tricomplex Number:
There are several idempotent representations possible for Tricomplex numbers. Some of them are shown here.

(R1) A Tricomplex number { =&+ iz n; &,m € C(iy, i) can be represent as

14 iyis
2

1 - i1i3
2

S(+i377=('f_i177)< )+(f+i177)( )=(E—i1n)ez+(f+i1n)e;

14 iyis 1— iyis

2

§+isn= (= b () + G +hm (—522) = €= bmes + € +iomel]

(R2) A Tricomplex number { =&+ i, n; &, € C(iy,i3) can be represent as

i .

§+im =€ —hm () €+ i (F512) = € - lmey + € +ine]
i L

§+im =€ —hm (—o2) + € +im (F52Y) = (€~ iy mes + € + e

(R3) A Tricomplex number { = & + iy, n; €,m € C(iy, i3) can be represent as

. L

E+in=E—nm (“5E2) + E+im (F512) = € - lmer + € +ime]
i .

E4in=E—bm (—o2) + €+ im (—522) = € — iy mes + €+ ne]

2.3 Idempotent Elements by using idempotent techniques:
Let { =¢&e; + nef € C(iq, iy, i3); &, m € C(iy, i3) be an idempotent element
==

2
= (591 +7Ie1T) =&e +77€;r
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= e +7723;r=fe1 +779;r
=>¢=¢andn® =1

_ t _ t
=>¢&=01,ee, andn =0,1,e,,¢e,

As,{ =¢&e  + nef, therefore

1 =0 n=20 {=0e +0ef =0

2 £=0 n=1 |¢=0e +1ef =ef

3 §=0 n=e, | {=0e +eel =ele,

4 §=0 n=el |{=0e +elef =efel

5 E=1 =0 |{=1e +0ef =e¢,

6 E=1 n=1 |¢=1e,+1ef =1

7 §=1 n=e C=1el+ezef=el+e2ef=1—e;re;
8 §=1 17=e;r C=1€1+e;ef=el+e;ef=1—efe2
9 §{=e =0 |7=eye;+0el =ee,

10 {=¢, n=1 {=ee;+1ef =eje, +el =1—ejef
11 §=e n=e C=ezel+ezef=ez

12 §=e; n=el |{=ee +elef =el

13 E=ef n=20 {=ele, +0e] =ejel

14 E=ef n=1 {=ele,+1le] =ele;+ef =1—ee,
15 E=ef n=e |{=ele,+eel =e,

16 | ¢=ef | n=e] |{=efeitefe]=¢]

2.4 Idempotent Elements in C(i4, iy, i) by using idempotent techniques in different idempotent representation
Let { =¢e, + ne;r € C(iq, iy, i3); &,m € C(iy, i,) be an idempotent element
==
2
= (fez +7le;r) =¢e, +77€;r
2 2,1t — T
=§%e; + e, =8e; + e,

=>&=¢andn® =1
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=¢&=0,1, el,ef andn =0,1, el,e;r

As,{ =¢&e, + ne;r, therefore

1 &=0 n=0 {=Oez+0e;r=0

2 =0 n=1 {=0e,+1e] =el

3 =0 n=e {=0e, +eel =eel

4 §=0 n=ef {=0e,+efel =efel

5 &E=1 n=0 {=1e2+0e;=ez

6 {=1 n=1 (=1le,+1el =1

7 §=1 n=e; (=1le,+eel =e,+eel =1—efel
8 ¢=1 n=e {=1le,+efel =e,+efel =1—eef
9 §=e n=20 {=ee, +0e] =eje,

10 §=e n=1 (=ee,+1el =eje, +el =1—ele,
11 §=e n=e {=ee, +eel =e

12 E=¢e n=el {=ee,+ejel =el

13 E=ef n=0 {=ele, + 0el =ele,

14 E=ef n=1 {=ele,+1el =ele, +el =1-ee,
15 E=ef n=e {=ele, +eel =e;

16 | ¢=ef | n=ef {=ele,tefe] =ef

2.5 Idempotent elements and their representation

There are 16 total number of idempotent elements exist in C(iy, i, i3).

SN Notation of idempotent element Value of idempotent element
1 0 0
2 1 1
3 e 1+140,
2
4 e;r 1—1i40,
2
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SN | Notation of idempotent element Value of idempotent element
i . 1+ iyis
2
6 ] L-his
2
2
8 e;_ 1 - i2i3
2
9 = !
ey = ee, 7 (L + iy + iyl — i)
1 T=1- !
0 e, =1—ee " (B —iyiy = iyiz +ipi3)
11 =ee] !
65 eleZ Z (1 + i]_iz - i1i3 + i2i3)
12 f=1-eef !
ed =1—ee] Z (3 = iyiy + iqiz — ipi3)
1 =ef =
3 e = €,6; Z (1 —lqly +iqiz + i2i3)
14 f=1-¢f :
€ 1 e e, Z (3+lllz _i1i3 _i2i3)
15 = efe] .
e; = ele) 7 (1= laiz = laiz = il3)
1 t =1 —ofel 1
6 el =1—e/e] 7 B+ iz + iz +iai3)

2.6 Relation between idempotent elements (In the form of multiplication)

(i)

(ii)
(iii)
(iv)
v)
(vi)
(vii)
(viii)

ejel

T
eses

eel

elel

eje]

= e 6 = €167 = efe4 = efes

t, — T — —
€365 = €46, = €485 = €,

616; = e;e; = e

elel =elel = el

T — of t t

e,éy ese; = €56 ese; = 6662 €ge7 6'76'7

t t,t t t

= 6262 = €765 = e, = 6264_ = 6266 = 6363 = €36, =

€37 =
616263 =0

— T _ — T _ T _ — T _ — — — — T _
€1€) = €183 = €1, = €185 = €,83 = €,6, = €,;85 = €384 = €38, = €485 = €,6, = €,6, = €,
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(ix)
)

(xi)
2.7 Relation

(i)
(ii)
(iii)
(iv)
v)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)
(xiii)
(xiv)
(xv)
(xvi)
(xvii)
(xviii)
(xix)

(xx)

2.8 Note :

(i)

ele; = 6163 = eleI = eles = 8263 = e;es = e;e; = 6385 = 8382 = 8185 = eseg = 858; = 85

t, —,t, — 1, _— t,1T _ — T _ — T _ _,t, T, —

el e, = el ez = el € = el e7 = eze3 = 8284 = €365 = 6365 = €365 = 6466 = 6566_

666;266

o otol — otol = ot = ofet = ofet = ofe. = ot et = ol 6. = efe. = ote. = ote. =
elez—6163—6166—8167—6263—6285—8267—6364—6367—6467—6567—6667—67

between idempotent elements (In the form of addition)

e1+ef=1
ez+e;=1
e3+e§=1
e4+eI=1
e5+e§=1
e6+e;r=1
e7+e;r=1

e =e,tes

e, =e,t+eg

e; =e5+eg

e, =est+e;

e, =es+e;

e; =e,te;

e teg+e, =1
e,+es+e;, =1
e;te,t+e;, =1
el+e6=ez+65=e3+e4=e;

el+e7=e;+e4=e;+es

Il
®
(o)}

6I+€4=€2+€7=e;+86=65

ef+es=e;+eﬁ=e3+e7=e4

The set of idempotent elements E = {0,1,e;,e], e,,e],e5, el e, el e5,el, e6,el, €5, el of C(iy, iy, 15) isa

commutative monoid.
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(i) Total number of idempotent element in C(i,) = 22°
Total number of idempotent element in C(i,) = 22°
Total number of idempotent element in C(i3) = 22°

(iii) Total number of idempotent element in  C(iy, i,) = 22"
Total number of idempotent element in C(iy, i) = 22"
Total number of idempotent elementin  C(i,, i3) = 22!

(iv) Total number of idempotent element in C(iy, i, i3) = 22°

(v) Total number of idempotent element in C(iy, i, s, «.v «e. ... i) =22"
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